Northern Illinois University

Huskie Commons
Graduate Research Theses & Dissertations

Graduate Research & Artistry

2015

Towards smooth granular flow in a flighted conveyor
Mohammad Athar

Follow this and additional works at: https://huskiecommons.lib.niu.edu/allgraduate-thesesdissertations

Recommended Citation
Athar, Mohammad, "Towards smooth granular flow in a flighted conveyor" (2015). Graduate Research
Theses & Dissertations. 6490.
https://huskiecommons.lib.niu.edu/allgraduate-thesesdissertations/6490

This Dissertation/Thesis is brought to you for free and open access by the Graduate Research & Artistry at Huskie
Commons. It has been accepted for inclusion in Graduate Research Theses & Dissertations by an authorized
administrator of Huskie Commons. For more information, please contact jschumacher@niu.edu.

ABSTRACT

TOWARDS SMOOTH GRANULAR FLOW IN A FLIGHTED CONVEYOR

Mohammad Athar, M.S.
Department of Mechanical Engineering
Northern Illinois University, 2015
Nicholas Pohlman, Director
Granular phenomena are observed in a variety of industries, including the energy sector. Biofuel
in the form of pellets made of compressed agricultural residue provides a clean form of renewable energy.
The energy-intense transportation of these pellets reduces efficiencies.
This thesis explores biofuel transport using an aluminum oxide analogue in a flighted conveyor
with a flow-limiting aperture. First, a review of granular phenomena is presented, followed by a brief
overview of current experimental methods. Next, new methods of analysis are introduced, and flow is
measured as aperture size and conveyor speed are varied. Finally, the conclusion is drawn that mass flux
decreases linearly with an increase in Bagnold number magnitude, and efficacy increases exponentially as
a function of Bagnold number.
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CHAPTER 1

REVIEW OF GRANULAR PHENOMENA

Granular phenomena occur throughout the universe at time scales so large that they transcend
human existence, or so small that they transcend human observational abilities, and everything in between
(or at spatial scales of similar magnitudes). They are found in industries such as pharmaceuticals,
geology, and astrophysics and agriculture; however, characterizing them has been a challenge since at
least before 200 BCE, when Apollonius of Perga characterized 2D circle packing in Tangenceis [1].
In this chapter, we attempt to define a granular material in order to illuminate its properties in a
qualitative manner; we then consider granular materials as a phase of matter and proceed to compare and
contrast them to other phases of matter. We then discuss the motivation for better characterizing granular
materials though the lens of human energy needs, and then discuss historic and contemporary work in the
field.

1.1 Definition of granular material
A granular material can be described as a large number of discrete solid particles where the small
spaces between the particles is occupied by a fluid [2]. Under different stress conditions, portions of a
granular material can be treated as any of the three basic phases of matter [3]. Using these assumptions to
simplify granular materials raises new complexities. When treated as a solid, for very small stresses,
modified plasticity models are sufficient [4], but these models rapidly break down as the granules move
more and more independently of each other, nor is there temperature-induced stress. Treated as a liquid,
when placed on a flat plane and inclined, only the top few layers of particles will exhibit shear flow,
unlike a fluid which by definition deforms continuously under a given shear stress [3]. As a dense gas
with negligible inter-particle forces, a granular material does not expand or contract with temperature
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changes. In fact, temperature has such little effect on granular properties that traditional theories of heat
transfer are almost never applied to a granular material [3].

1.2 Motivation to explore granular materials
Fire is predicted to have existed since shortly after the evolution of land plants and was controlled
by hominids since at least 1.5 million years ago [5]. It is hypothesized that it was used first as a source of
energy for food processing, and then heat. Some estimates for developing countries approximate wood
fuel usage to consist of 50% food processing and 30% heat generation [5]. The fact that 70% of the
population lives where the average temperature over a year is 14°C (precluding the need for heating but
not cooking for much of the year) must be kept in mind when considering this estimation [6]. Wood fuel
is an important source of energy; however, nearly twice as much agricultural residue (which consists of
cereal crops, legume crops, and food crops [7]) is used for energy globally; this number ranges from as
little as .66 (Africa) to more than 4 (Europe) times as much depending on the region of interest [5], but it
illustrates that agricultural residue is a valuable resource.
The need to diversify sources of energy will become more important as nations with high
populations are developing and demanding more energy [8]. As of 2006, more than half of U.S
petroleum is from foreign sources. Converting renewable biomass to fuel promotes energy independence
and has been studied extensively at laboratory scales since at least the gas crisis of 1973 [8,9];
conveniently, more than half of the United States is suitable for biofuel development. These studies
include bio-oil, charcoal, wood chips, and biofuel pellets [8,10]. These laboratory-level improvements
are useful, but at the industrial scale nearly 40% of capacity is considered wasted due to transportation
issues with granular materials [2, 3]. Low energy density of biofuels negates any carbon savings due to
the high transportation energy needed; pelletized fuels increase energy density in addition to the already
recognized benefits of negligible SOx emissions and low ash content [9]. Better characterizing of
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granular transportation will allow for improved temporal and spatial flow smoothness into combustion
reactors and more prolific use of biofuel pellets from residential through commercial scales [12].

1.3 Historic and contemporary work in granular transportation
To further characterize granular phenomena, this section discusses characteristic properties of
granular material in static and dynamic configurations. Static properties include force chains, friction
between particles, the angle of repose, and the Janssen effect. After discussing static characteristics of
granular material, mass flux characteristics are presented. These include Beverloo’s law, which is
supplemented by Mankoc’s work, then the Bagnold number and De-Song’s work with a horizontal
conveyor.

1.3.1 Static and quasistatic characteristics of granular materials
A granular material can be described as a large number of discrete solid particles where the small
spaces between the particles is occupied by a fluid. By Newton’s second law, external forces are
transferred through the material as force chains that transfer surface forces to particles that contact the
surface to intra-material particles. Body forces are transferred similarly through force chains, but along
different paths [2, 8] (see Figure 1). As these forces are transferred, particles are subject to deformations
that increase the surface area in contact with other particles [13]. Since each particle experiences a
different normal force, particles within a granular material are subject to complex modes of friction as
they move relative to each other. Additionally, due to force chains, a granular material is subject to arch
formation and jamming.
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Figure 1: Illustration of force chains caused by a particle’s weight
[Wikimedia commons]

In a flowing granular material, static friction and kinetic friction are both present. At any instant,
two particles interacting with each other in a flowing granular material could slide against each other
(invoking kinetic friction) or roll against each other (due to normal forces being sufficiently high that the
static friction regime dominates). A third means of interaction is frustrated rolling. This occurs when
three or more particles interact in such a way that they cause a rolling reaction amongst each other, in
directions that are contradictory. Duran provides an illustration, which is recreated in Figure 2.
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Figure 2: Gliding, rolling, frustrated rolling.
Image adjusted for contrast [2]

For a granular material flowing out of an orifice, under appropriate conditions, frustrated rolling
may evolve to create jamming. Jamming is not necessarily an unwanted behavior, as it can be used to
create stable structures such as Ancient Roman arches which as a result of friction and normal forces
between blocks have been stable for centuries. Arch formation can be modeled as granular phenomena
by assuming the keystone is in frustrated rolling, while the two surrounding blocks are attempting to
cause the contradictory rotation. Duran [2] argues that friction plays a vital role in arch formation, but
there may exist certain conditions in which friction is not necessary (see Appendix). For certain systems,
granular materials are sometimes stored in a vertically oriented silo, with an orifice at or near the bottom
of the silo. Gravity is used to feed particles out of the silo. This is a very efficient method of
transportation, as gravity is used to do work; however, this system is subject to jamming due to arch
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formation. Jamming by arch formation will result in unwanted flow stoppage; this will choke a reactor
system and result in zero output from the hopper unless the arch is disturbed.
Friction may play a role in a material’s angle of repose [14]. When granular materials are piled,
they do not accumulate in a strongly vertical (like a solid) or strongly horizontal arrangement (like a
liquid). Instead, they slope, making berms or hills. The angle these piles make with the horizontal is the
angle of repose. A granular material can have multiple angles of repose [2] based on container geometry
and pile history. As a granular material is loaded on an open plane (that is, the base of the pile can
expand freely), particles are stacked on top of each other. As this pile deviates from the angle of repose,
instabilities form. Disturbances (such as adding more material) result in avalanche behavior [2] with the
top of the pile shearing down the pile until a stable angle of repose is achieved.
If a granular pile is contained in a lateral dimension (as it is in a horizontally oriented hopper), it
will still achieve an angle of repose on the other dimension. The constraining dimension must provide
enough force to resist the pressure from body-force chains. In 1895, the German engineer H.A. Janssen
found that for sufficiently large loads, sidewall pressure is independent of fill height in a square silo [15].
This result has been verified many times for various configurations, and it is generally accepted that
=

Equation 1

where s is the sidewall profile, f is the constant of friction between the sidewall and granular material, and
γ=ρg is the specific weight of the granular material. For smaller loads (or as a silo is loaded), pressure
increases linearly but reaches a maximum value; Janssen posits that this is due to friction interactions with
the sidewalls. Pressure in a silo is predicted to be
=

1−

Equation 2

where K is an experimentally determined value, and x is the fill height of the silo. Granular pressure (at
least partially) drives any flow that is driven by gravity. Since pressure is not a function of height, exit
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velocity is independent of fill level [3]. Since exit velocity is independent of fill level, on a flighted
horizontal conveyor, only the aperture size, belt speed and flight height and separation will affect any
transient behavior that may be found.

1.3.2 Mass flux characteristics
The primary application of granular material with which this thesis is concerned is granular
transportation. Improving granular transportation would allow for further implementation of biofuels in
the form of pellets. Before they can be used in reactors, the mass flux characteristics of granular materials
must be better understood. In this section, we discuss work that has been done in characterizing average
mass flux for various configurations. We start with vertically oriented, gravity-driven silos and compare
them to purely horizontal, single-layer configurations. To conclude this chapter, the nondimensional
parameter of Bagnold is discussed.
Beverloo states that “the flow rate is independent on the diameter of the silo height, L if two
conditions are fulfilled: L is greater than 2.5 times the diameter of the outlet orifice D0 and also greater
than D0+ 30 dp, where dp is the diameter of the particle.” The Beverloo law states that in a gravity-driven
flow out of a silo, with an orifice at the bottom, the average mass flow rate is

=

−

Equation 3

where C and k are empirically derived coefficients, ρb is the apparent density, g is the acceleration of
gravity, D0 is the diameter of the orifice, and dp is the diameter of the particle under consideration. This
relationship has been shown to be independent of packing fraction, density, surface properties or shape
[16]. This relationship has been shown to be valid for aperture sizes large enough to completely eliminate
jamming; Mankoc argues that for sufficiently large particle sizes, C and k are not constant over a range of
aperture sizes.
Mankoc used a vertical 3D and 2D silo which was sufficiently full of particles (he notes that fill
level never went below twice the silo diameter). Each experimental run was performed with particles of
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the same size, but particle size varied from .42 mm to 3.04 mm. Using this setup, Mankoc shows that the
Beverloo law can be off by up to 10% in both the 2D and 3D cases and proposes that the flow in particles
per unit time Wb is
=

1−

(

)

( − 1)

/

Equation 4

where C’ =C*ρb, b = .051, and R = ratios between aperture diameter particle diameter.
Beverloo’s equation is applied to purely gravity-driven flow, with no considerations for jamming.
Mankoc expands the applicability to the previous work but still only considers purely gravity-driven flow,
with an aperture in line with the direction of gravity. Mankoc ensures the silo is sufficiently full to allow
for constant pressure but does not confirm this with pressure sensors.
Additional methods to motivate granular motion include pneumatics, augers, or conveyors. DeSong used a horizontal conveyor, and a single layer of “granular wafers” (copper cylinders of 16 mm
diameter [1 particle diameter,

] and heights of 6 mm); he observed a critical speed (vc) for granular

flow through an aperture of width 3-8
m/s (27.5

=

. When v<vc, flow (disks per minute) is linear, but when v>.44

/s), mass flow rate becomes
( − )

Equation 5

where C is a constant, ρ is particle density, v is belt velocity, d=PD/16, k=3.0, and Β≈1.
De-Song quantifies mass flux as a linear function of aperture size for sufficiently low speeds.
This thesis considers a conveyor belt system with spherical particles and multiple (more than 15) layers.
A key variable in this thesis is the Bagnold number.
The Bagnold number is reminiscent of the Reynolds number in traditional fluid mechanics [2]. It
can be described by discussing granular flow regimes that result in layered sheets of flowing particles.
Each particle has mass, m. Each sheet has its own velocity, and the rate at which these velocities change
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can be described by γ = ∂v/ ∂z where v is horizontal velocity and z is vertical distance. A characteristic
dimension, λ, can consist of a few particle diameters. Duran describes η as the viscosity of the interstitial
fluid [2] and defines Bagnold’s number as
=

Equation 6
The Bagnold parameter of a flow regime is essentially a 1D density multiplied by a pseudo-

viscosity term. That is, it can be considered analogous to the Reynolds number (the ratio of inertial and
viscous terms) in that the Bagnold number is the product of inertial and viscous terms. When recreating
experiments on granular flow, all attempts should be made to recreate the Bagnold number.
This chapter discusses various granular phenomena. We define granular materials and compare
them to other phases of matter; we discuss jamming and angle of repose. We provide context for their
study in that improving efficiency of biofuel pellet transport will allow this fuel to proliferate. After this,
the mass flux characteristics are introduced through previous experiments. The following chapter will
discuss the particular properties of the granular material used in this thesis, as well as the experiments
conducted to better understand granular flow.

CHAPTER 2

EXPERIMENTAL AND ANALYSIS METHOD

This thesis analyzes granular flow that is partially gravity driven (similar to Beverloo’s work) and
partially conveyor driven (similar to De-Song’s work). We cannot reach usable conclusions regarding
spatially or temporally transient flow without providing the tools for repeatability. This chapter covers
the equipment used and flow characterization techniques employed to provide information for future
experiments that employ different equipment.
A flighted granular conveyor is directly attached to a hopper and is loaded with 12 mm aluminum
oxide (AlOx) particles and operated at various conditions. The primary tool for data capture is a highspeed camera; it captures the positions of the near wall particles, and MATLAB functions are used to later
analyze position, velocity, and mass flux information.

2.1 Equipment
The AlOx particles are 12 mm (1 PD) tumbling media from Fox Industries of Fairfield, New
Jersey. Each has a density of 3.15 g/particle, coefficient of kinetic friction of .46, and a hardness of 8
Mohs (slightly harder than tungsten). As a granular media, they have a bulk density of 3.48 gr/cm3 (1.09
PM/PD3, slightly lower than the expected density of tightly packed spheres: 1.35 PM/PD3) and angle of
repose of 22°. There is negligible interparticle cohesion and negligible adhesion to the interstitial fluid
(air of unknown humidity) or the conveyor into which they are loaded.
The conveyor is a Kamflex model 810, with acrylic sidewalls that are 50.825 particle diameters
(PD) high, 76.2 PD long, and have 8.467 PD of space between them. The most critical variables for this
thesis are the aperture height and belt speed. The front aperture height is manually adjustable from zero
to 5.292 PD above the top of the flight. A flighted belt was used with a flight height of 2.12 PD,
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and flight spacing of 6.879 PD. Each flight is also 6.879 PD wide. The acrylic sidewalls are assumed to
be frictionless. The flighted belt can be advanced or retracted by a Leeson model C42D17FK1C
continuous duty DC motor that is rated at 90V, 5A, and ½ HP. The motor is only capable of “on or off”
function, with speed being regulated by input voltage. Figure 3 shows the conveyor as well as the motor.
Particles are driven towards the “front wall,” and Figure 4 shows the location of the adjustable aperture.
To control the motor, we employ a PMD model DD111SO-195/30-Nv.1.0.R motion control
device that can interface with proprietary software via a RS232 to USB adapter from Sabrent. The motor
controller is used to control the voltage that goes to the motor (a power supply is set at 80 V, and the
motion control device can scale that voltage from 0% to 100%). The Mastech brand power supply
provides voltage and current information, from which the power input can be calculated (P=VI).

Front wall

Side wall
Motor

Chute

Figure 3: Flighted conveyor, annotated
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Adjustable door to
control aperture
size

Camera
Hole in
chute
Figure 4: Experimental setup, annotated.

Once the command to move forward at a certain percent-max voltage is issued, the conveyor belt
advances at a repeatable speed. We confirm the belt speed is independent of fill fraction. Particles are
forced forward by friction, but primarily by the normal force provided by the flights. Above-flight
particles move due to friction and normal forces that arise due to interparticle interactions and force
chains. To aid in particle collection, an aluminum chute designed by Tony Aguilar is attached to the
conveyor.
The belt speed of the granular conveyor at 100% speed is 1.54 in/s, which translate to 3.26 PD/s,
or 130.26 pixels/second; speeds were recorded at 10 volt increments with the conveyor fully loaded and
empty; belt speed is not a function of fill volume. The no-slip layer is assumed to be 1.918 PD (one flight
height) thick. Particles speeds do not exceed 5 PD/s. As such, no particle moves faster than 6500
pixels/s, with exception possibly to avalanche behavior at the top of the granular material.
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The motion of the near-wall particles is recorded by a high-speed camera. The high-speed
camera used is a Photron Fastcam SA3, with a Navitar brand 50 mm telecentric lens. Recordings are
performed at 250 frames per second (fps), with 1024x1024 resolution, 96 dots per inch (dpi) pixel
density. At these specifications, each particle is approximately 40 pixels wide. The camera is capable of
outputting images as sequentially numbered JPEG files, each indicating the particle position at a time
index 1/250th seconds after the previous image. Figure 4 shows the position of the camera with respect to
the conveyor.
The acceleration of gravity near the surface of the earth is 817.5 PD/s2. If a particle at the top of
the granular pile drops the entire height of the 50.825 PD tall sidewall, it would have a velocity of 290
PD/s. More realistically, after a 1 PD free fall, a particle would have a velocity of 40 PD/s, or .16
PD/frame (assuming a frame rate of 250 FPS). A particle in free fall would not achieve a speed of 1
PD/frame until it had fallen over 38 PD. Avalanche behavior is not a significant issue insofar as ensuring
particles do not move too far between frames. A frame rate of 250 FPS is sufficiently high to not have
any particle move more than ½ PD per frame during capture and production of sequential JPEG files.

2.2 Position, velocity, flux analysis
Once sequential JPEG files are obtained, position information for each particle is calculated. This
information can be used to estimate frame-to-frame velocity information. Once velocity information is
known, mass flux can be estimated.
Position data is calculated with scripts curated by Ryan Dunne. Each particle is assigned a
unique identification number (ID) and tracked across images. Center tracking was achieved by using very
high-contrast images (achieved by a bandpass filter, see Figure 5) and pixel-by-pixel intensity comparison
code written by Eric Dufresne. Comparing each pixel to its neighbor is computationally intensive;
indeed, Dufresne comments in his code that “THERE'S GOT TO BE A FASTER WAY OF DOING
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THIS. I'M CHECKING SOME [particles] MULTIPLE TIMES.” However, he notes, “THIS [analysis
technique] DOESN'T SEEM THAT SLOW COMPARED TO THE OTHER ROUTINES.” Once peaks
are found for each particle in each image, they are tracked from image to image. This is accomplished by
considering the position of a particle, Pi at time T, and finding all possible matches to that particle at time
T+1 (since consecutive images correspond to consecutive video frames, which corresponds to consecutive
time intervals of 1/250 seconds). The square of displacements for possible particles (Pj) are calculated,
and the particle with the smallest square displacement is assumed to be a match for Pi. Dufresne claims
this method to be valid so long as single time step displacements are reasonably small. For visual
diagnostics of near-wall particle (NWP) position, the NWP position information can be laid over an
image of one of the frames from which the NWP information was obtained (Figure 6).

Figure 5: High-speed image, high-contrast image.
No noise reduction.
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Figure 6: Image from t=n, with tracks from n<t<n+250 (frames).

Once near-wall position information is obtained, calculating frame-to-frame speed for each
particle is trivial. We assume a sufficiently small time interval (one second) that one can consider
velocity analogous to frame-to-frame speed. That is,
∆
∆

=

≅

Equation 7

where the subscripts correspond to consecutive time indices.
Recall, mass flux across a control surface is defined as
̇ =

Equation 8

where ρ is density, v is velocity and A is area of the surface. We quantify mass flux by defining a control
surface and finding near-wall particles whose paths cross the defined surface. A mass of one particle
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mass (1 PM) is assigned to each near-wall particle, and flux becomes a discrete measurement (that is,
since the continuity assumption fails, we track particle flux rather than density flux). To compare our
results with De-Song’s, we could consider each near-wall particle a rod of length 8.467 PD (the width of
the conveyor) and density of

∗

Equation 9

∗ .

This is analogous to De-Song’s [17] disc-related work in that 2D images are used, but our “discs”
are 8.467 PD thick, of varying linear density, and have irregularly defined boundaries. Any disc-related
conclusions for velocity or mass flux should be scrutinized rigorously before being implemented in a
production environment using 2.5D or 3D flows. Additionally, a visual estimation of mass flux should be
confirmed with a scale when possible.
Knowing velocity information for near-wall particles, MATLAB scripts are used to iteratively
perform flux calculations over each data set. The scripts incorporate the frame rate, and users can
indicate the number of frames to include in an ensemble before execution. That is, while data sets are as
long as 60 seconds, a user can split that data up in to X-seconds long ensembles. For the majority of this
thesis, we choose 1 second long ensembles. Once position information is found, a control surface must
be defined across which flux information can be tracked. We use a frame from the high-speed video to
choose a range of pixels that is near the aperture; this most accurately represents the material leaving the
conveyor and also eliminates any material that convects upward. Figure 7 shows line position for finding
flux information. This figure also shows the velocities of particles that cross the chosen line during this
ensemble. Granular flow has been well characterized for average motion over long time scales; however,
this thesis attempts to find a way to reduce fluctuations in order to closer reflect transient flow with timeaveraged flow.
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Figure 7 Flux line, detail

2.3 Material and flow characterization
A granular material and its flow must be characterized before its behavior is analyzed. Several
small, informal experiments were performed to calculate density (particle and material), angle of repose,
and friction information. These small experiments were necessary to characterize the granular material in
order to allow for future validation using different equipment. Once the granular material is characterized
the Janssen effect is explored under static conditions. Then the hopper is filled with 40 kg of granular
material and run at 100-60% of maximum voltage in intervals of 10%, with aperture height varying from
.5 PD to 5 PD. During this time, the near-wall particles are captured by the high-speed camera and
images are stored for further processing. Images are processed in ensembles of 250 frames (1 second
worth of flow); this processing provides position and velocity information which is used to explore DeSong’s work, Beverloo’s law, Bagnold number, and flow vorticity.
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2.3.1 Density
The first characterization of the granular material is material density. It is the density of the
granular material when it is well packed. To calculate this, a large amount of material was put in a
graduated cylinder and manually vibrated to improve packing (Nagel comments that the rate of change of
packing approaches zero as the number of vibrations increases [3]. He comments that this is a result of
upward pressure increasing as a result of inelastic collisions or a “ratchet” effect by the container
sidewalls). The volume was measured, as well as the mass. In the process of performing the material
density calculations, the number of particles was counted. The mass was divided by the number of
particles in order to find particle density. This information is used in characterizing the granular material
during Bagnold number calculations. Characterizing granular material before performing further analyses
is necessary in order to allow for repeatability with equipment that is similar but not exactly the
equipment used in the development of this thesis. Granular material can also be characterized by angle of
repose.

2.3.2 Angle of repose
Duran observes that a granular material can have multiple angles of repose [2] based on container
geometry and pile history. During the following experiments, we attempt to load the pile in a consistent
manner. Figure 8 is obtained by ensuring a flight lines up with the aperture gate and loading the conveyor
from the top with constant high-speed flow as close to the front of the conveyor as possible; this simulates
steady state conditions that will occur after the conveyor is run for a short time. After loading 20 kg of
granular material, a dry-erase marker is used to mark the top of the granular pile. Each diagonal line in
Figure 8 corresponds to the top of the granular material at 20, 30, and 40 kg of fill.
During data collection, this method of loading is repeated; jamming is preferred to a manual plug
which is only employed for large aperture sizes. Jamming is regularly achieved for aperture sizes of 2.17
PD and frequently for aperture sizes of 2.65 PD. For aperture sizes larger than this, jamming is
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infrequent, and a mechanical plug is employed. Static conditions are necessary before advancing the
conveyor in order to reduce variation of initial velocity (static conditions bring initial velocity to zero).

Figure 8 Determining angle of repose

2.3.3 Friction
The coefficient of friction between particles is necessary in order to further characterize the data.
Kinetic friction is calculated using the visualization techniques discussed in Section 2.2. To calculate the
coefficient of kinetic friction, a layer of 1mm AlOx particles from the same supplier as the 12mm
particles is created. The 1 mm particles are packed tightly onto the adhesive side of a unidirectional
adhesive strip that employs a rubber-based adhesive on a synthetic duck canvas. The canvas side of the
unidirectional adhesive cloth is attached to a cardboard plate using a mixture of latex and acetone.
Additionally, three 12mm particles are bonded with the unidirectional adhesive. This provides an AlOx
surface that slides but doesn’t roll.
The plate is placed on an incline of known slope, and high-speed video tracks the position of the
mass. Knowing the change of the X and Y positions of the mass, we can calculate change in tangential
position Δxt; the coefficient of kinetic friction becomes
=

( )

+ tan( )

Equation 10
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As several false positives exist (see Figure 9), only the cases where atan(Δx/Δy) = - 24°±3 are
considered. Position change for each valid trace is calculated, and μk is averaged across all position
changes.

Figure 9 Determining kinetic friction; high number of false positives

2.3.3.1

Static
The method of placing the nonrolling mass on the horizontal plate and increasing the angle of the

plate until the particle just starts to slide is used to find the static coefficient of friction. This angle is
recorded, and the coefficient of static friction is
= tan( )

Equation 11
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2.3.4 Exploration of Janssen effect
Janssen predicts granular pressure in a vertically oriented silo is constant. Pressure information
is necessary to demonstrate whether granular materials obey any analog of Bernoulli’s theorem. A
Tekscan brand pressure sensor at the bottom of the hopper sidewall measures pressure as the hopper is
loaded in 5 kg intervals from 15 kg to 60 kg (see Figure 10).

Figure 10: Fill height vs pressure

CHAPTER 3

RESULTS

Calculating flow profiles is time intensive; however, once they are calculated several results can
be quickly obtained. In this chapter, we discuss various quantifications of the NWP position and velocity
characteristics. First, we discuss the work of De-song and Beverloo, then develop Bagnold information
for the granular flow setup. Analysis is performed on Bagnold number in an attempt to quantify flow that
has a nonuniform velocity profile. Last, vorticity information is examined, but no usable results are
found.

3.1 Preliminary calculations
Before they can be used, we must prove that mass flux data can be approximated by visual mass
flux estimations. To do this, the mass flux out of the conveyor was tracked with a scale and compared
against the flux accumulation methods discussed in Section 2.2. When adjusted for differences in density
approximations (that is, each particle has a mass of 3 grams, while visual tools assign an arbitrary
dimensionless mass), accumulation rates as estimated by slopes were approximately equal. Figure 11 is
one such plot; for this data, a line of best fit for the scale data has slope 6.24, while a line for camera data
has a slope of 6.15. There is a difference in Y-intercept due to the time delay from material passing the
vertical line and when it exits the hopper, travels through the chute, and finally registers on the scale.
This demonstrates that visual estimations approximate actual mass flux closely enough to be used for
calculations. We use mass flux and visual mass flux interchangeably for analysis of De-Song’s work and
the Beverloo and Bagnold number.
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Figure 11: Mass accumulation vs time for scale vs camera

3.2 Divergence from De-Song’s work
De-Song’s work characterized 2D disc flow. This type of flow negates any gravitational effects
by using a single layer of disks with power transmission coming from friction. Recreating similar
conditions for a vertical hopper, using 12 mm spheres, we observed sinusoidal flux out of the hopper,
with amplitudes increasing for larger aperture sizes. De-Song uses a 1D aperture for his 2D flow;
conversely we use a 2D aperture with one dimension (width) fixed for 3D flow. Additionally, our
apparatus incorporates gravity. Holding all other variables constant, Equation 5 predicts approximately
linear increases in flux as velocity increases, but no critical velocity was observed. This may be due to
velocity not exceeding 3.2 PD/s (nearly an order of magnitude smaller than De-Song’s findings). This
trend is present for small enough aperture sizes (see Figure 12). These data show that mass flux increases
with aperture size but always maintains pseudo-sinusoidal behavior until a critical time when there is no
longer sufficient hopper material to maintain the flow profile. The 2.97 PD/s velocity plot indicates that
mass is being pushed very quickly and little work is done by gravity. Conversely, the relatively flat
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nature of the slowest speed (2.04 PD/s) flow plot indicates that flow is constant and primarily gravity
driven.

Figure 12: Mass flux vs time for various speeds
aperture size = 2.12 PD
moving average radius 3

3.3 Confirmation of Beverloo’s law
Recall, Beverloo predicts mass flow to be proportional to the square root of the fifth power of
aperture diameter and independent of fill height. We define pseudo-diameter as the average of three
values: aperture height, aperture width, and aperture diagonal. For our rectangular hopper, with no belt
movement and a rectangular orifice at the front, we find that L (50.8 PD) is sufficiently larger than the
pseudo-diameter D0 and marginally larger than D0+30 dp. This satisfies Bagnold’s requirements for the
existence of the Janssen effect. Averaging mass flux over all ensembles for a fixed speed, we found very
little correlation with Beverloo or Mankoc’s work. See Figure 13 for a flux scatterplot with Beverloo and
Mankoc lines.
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Figure 13: Average mass flux vs aperture size for Beverloo fitting

3.4 Estimation of Bagnold number
Recall, the Bagnold number is defined as

=

, but for this thesis only the velocity gradient

(γ) is varied. Since we are working with a granular conveyor with an exit at the lowest point on the front
wall, non-laminar flow is inevitable. The Bagnold number is still a useful quantity for the purpose of
predicting mass flow out of the conveyor. We define γ = dv/dz as effective viscosity and choose mass to
be 1 particle mass (1 PM); this makes the viscosity of air 1.73*10-5 Ns/m2 = 3.9 PW s/PD2 (particle
weight second per particle diameter squared). Once position information is obtained, velocities for
particles across a fixed line can be obtained; that is, an Eulerian approach is used to characterize velocity
as a function of height. The velocity information is then collected and plotted in various ways to facilitate
visual interpretation of the data.
From the plots in Figure 14, no trend in particle velocity as a function of belt speed and time can
be observed. A second series of plots is made by averaging velocity over all ensembles for a given speed-
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aperture pair. Figure 15 shows that there exists a “no slip” layer of particles that is as tall as the flights
(from 21.25 PD to 25 PD) and also that absolute velocity increases (particles moved right to left) for
certain aperture sizes and decreases for others. These plots are similar for other belt speeds.

Figure 14: Velocity versus time versus distance from top of hopper.
Aperture = 2.12 PD
From left to right, belt speed = 2.97 , 2.59 PD/second
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Figure 15: Velocity versus distance from top of hopper. Belt speed= 2.04 PD/s

Visual observations are confirmed by a linear regression; select values for speed, aperture, and
effective viscosity are presented in Table 1. From this, Bagnold number is assumed to be unique for each
speed-aperture pair, presented in
Table 2. No real trend is noticeable; however, these numbers are presented for the purpose of
recreating this experiment with similar configurations. Figure 16 presents mass flux as a function of
Bagnold number. Once outliers are thrown out, we see that for low speeds (less than 5 PD/s)
= 4.38 ∗

+ 10.08

Equation 12

Only the velocity gradient is varied during Bagnold number calculations. So as the absolute value
of Bagnold number decreases, mass flux decreases. Another way to say this is that as the velocity
gradient decreases (velocity remains approximately that of the belt speed), mass flux increases.
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Table 1 Speed-aperture pairs and effective viscosity

Speed
(PD/s)
2.04

2.59

Aperture (PD)
2.645833
3.175
3.704167
4.233333
4.7625
2.645833
3.175
3.704167
4.233333
4.7625

Effective viscosity
(105/s)
-7.6226
-22.6198
4.927261
2.129803
2.425786
-17.785
-3.64622
-4.55352
-3.52939
0.835604

Speed
(PD/s)
2.23

2.97

Aperture (PD)
2.645833
3.175
3.704167
4.233333
4.7625
2.645833
3.175
3.704167
4.233333
4.7625

Effective viscosity
(105/s)
-5.43632
-1.73645
-6.28133
-0.74986
2.600898
-22.835
-9.13445
-12.3167
0.159964
5.404568

Table 2 Speed-aperture and Bagnold number

Speed

Aperture

2.04

1.5875
2.116667
2.645833
3.175
3.704167
4.233333
4.7625
5.291667
Aperture

Speed
2.59

1.5875
2.116667
2.645833
3.175
3.704167
4.233333
4.7625
5.291667

Bagnold
number
-0.8678
-0.89094
-0.97726
-2.89997
0.6317
0.273052
0.310998
0.169312
Bagnold
number
-2.6167
-1.60444
-2.28012
-0.46746
-0.58378
-0.45249
0.107129
0.507088

Speed

Aperture

2.23

1.5875
2.116667
2.645833
3.175
3.704167
4.233333
4.7625
5.291667
Aperture

Speed
2.97

1.5875
2.116667
2.645833
3.175
3.704167
4.233333
4.7625
5.291667

Bagnold
number
1.994654
-1.73929
-0.69696
-0.22262
-0.8053
-0.09614
0.333449
0.891001
Bagnold
number
4.12094
-3.31965
-2.92756
-1.17108
-1.57906
0.020508
0.692893
-0.27386
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Figure 16: Mass flux vs Bagnold number

We define efficacy as mass flux divided by power, where P = VI. Voltage is defined as percent
max voltage and proportional to speed. Comparing instantaneous Bagnold number (that is, Bagnold
number for a given time ensemble) versus efficacy (see Figure 17), we see that efficacy increases
exponentially with Bagnold number. Recall our flow travels from right to left; a positive velocity
gradient indicates back flow. A higher Bagnold number indicates stronger velocity gradients. This could
indicate dramatic back flow or stagnation of flow near the top of flights. If stagnated layers are modeled
as solid (due to pressure from particles above the layer), they can be considered as preventing any
particles from moving upward, thus preventing convective losses. Using the previous tables to correlate
speed/aperture and desired mass flux with Bagnold number, one can improve efficacy for combustion
reactors feed rates by matching Bagnold number with desired mass flux.
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Figure 17: Log efficacy vs Bagnold number
Line of best fit: y = 298 x – 3.5; r2 = .13

3.5 Vorticity calculations
For any given vector field ⃗ =

+

+

, divergence of a point

tendency for that point to act as a source or sink. Similarly, the curl at a point

=
=

• ⃗ represents the
⃗ represents the

tendency of the vector field to rotate around a given point. Curl of a fluid field’s velocity is also known
as vorticity. Quantifying vorticity may provide insight into convective behavior; as material is forced
forward, if it is restricted to the point of back flow, vorticity will increase. Vorticity calculations are
performed with a numeric partial derivative; since we are using near-wall particle positions, we let
0, and the curl becomes
Numerically,

=

+

.

→
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=

+

=

−

Equation 13
⃗

Equation 14

A MATLAB function is written to take discrete flow fields and create separate contour plots of
the magnitude of curl about a given point. A new set of ensembles is created, this time being 500 frames
(2 seconds) long. The discrete vorticity is calculated in 50-pixel intervals for 200-by-200-pixel windows.
Since

→ 0, only the K-component of vorticity is calculated. Once vorticity is calculated, contour plots

are superimposed over an image that corresponds to the ensemble. Position traces are also plotted (Figure
18). Vorticity did not exhibit any pattern from ensemble to ensemble. It may be beneficial to incoporate
the work of Rognon [20] in future papers.
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Figure 18: Vorticity, typical plot.

CHAPTER 4

CONCLUSIONS

De-Song, and Janssen/Mankoc have classified granular flow that is purely conveyor driven or
purely gravity driven. The former considered highly controllable flow with no assistance from gravity.
This will result in generally smooth, regular flow but only provides accurate results for a single layer of
disks. Contrasting this with Mankoc’s work, the reduced energy input is readily seen (as gravity is
performing the work). Purely vertical, gravity-driven silo flow is smooth but is difficult to control and
subject to jamming.
This thesis considers a hybrid granular transportation system that used gravity and conveyance to
move particles in a 3D system. Several analogs to fluids and solids are discussed and calculated,
including coefficient of kinetic friction, Bagnold number, angle of repose and Beverloo constants. These
values allow a user to characterize granular material, and recreate experiments without using exactly the
same equipment.
To characterize the material, the material density was found with a graduated cylinder. The mass
of several hundred particles was measured, resulting in a particle density calculation. Angle of repose is
found by loading the hopper in a consistent manner with constant high-speed flow as close to the front of
the conveyor as possible. Angle of repose was found to be consistent for different fill volumes. The
coefficient of friction between particles is necessary in order to characterize the data. Kinetic friction is
calculated by sliding a mass of 12mm particles along a plate covered in 1 mm particles. The mean
coefficient of kinetic friction is higher than expected, but explainable due to the inherent roughness of a
sheet made of 1mm particles. The coefficient of static friction is calculated by increasing the plate incline
until the particle just begins to slide.
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Janssen predicts granular pressure in a vertically oriented silo is constant. Mean pressure is
calculated multiple times. Further investigation may be necessary to confirm or refute Janssen effect in
narrow hoppers, but it is assumed that flow is not a function of pressure.
Beverloo predicts mass flow to be proportional to the square root of the fifth power of aperture
diameter. Averaging mass flux over all ensembles for a fixed speed, we found very little correlation with
Beverloo or Mankoc’s work. Beverloo’s assumption for flow out of a silo breaks down for a hopper and
horizontal conveyor.
High-speed video is used to record near-wall particle behavior. Once data for the flow are
obtained, position and velocity tracking helps characterize effective viscosity to aid in Bagnold number
calculations.
Bagnold predicts mass flux in a vertical silo to be proportional to γ=dv/dz. An Eulerian approach
is used to characterize velocity as a function of height. Visualization of flow parameters helps
characterize effective viscosity for different speed-aperture combinations. We observe that effective
viscosity trends positive for sufficiently small aperture sizes and trends negative for slightly larger
apertures. This is due to a “dumping” effect that occurs for sufficiently large apertures (that is, the gate is
unable to contain particles, as they exit the hopper too quickly).
Boundary layer develops linearly as a function of belt speed and aperture, with a bifurcation
point. An analysis of flux against the nondimensional Bagnold number found that mass flux decreases
linearly with an increase in Bagnold number magnitude; additionally, as Bagnold number increases,
conveyor efficacy increases. We now have the tools to predict transport efficacy as a function of desired
mass flux.
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Position data are also used to compute and characterize the velocity field of the flow. Once
velocity information is known, a numeric divergence and curl are calculated using meshing practices from
CFD literature. Curl was examined for near-wall particles, but the data yielded no information.
Future work could involve exploring the stagnation layer that results in efficacy improvements
with negative Bagnold numbers and how it fluctuates as a function of aperture size. It may also be
beneficial to explore vorticity with respect to stagnation points, as well as stagnation layer locations as a
function of flight height and belt texture. The flux-tracking code could be used on horizontal lines to
analyze convection in tandem with vorticity. This thesis explored mass flow only as a function of
aperture height and belt speed; it may be beneficial to revisit these results using different-sized flight
heights.
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APPENDIX: THEORETICAL FOUNDATION FOR ARCH FORMATION
WITHOUT FRICTION
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For this analysis, we assume rigid bodies.
Arch formation is normally achieved (as shown in Figure 19) when friction and normal forces on
the keystone are sufficient to counteract gravity.

Ff

Ff

Fn

Fn

Mg
Figure 19: Free body diagram of keystone in an arch subject to friction.

Friction forces may not be necessary under certain conditions. Figure 20 depicts a simple arch
formed by a set of spheres in frustrated rolling. We assume the spheres are packed in a 2D configuration
with their centers forming the vertices of an equilateral triangle.
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Figure 20: Free body diagram of arch formed by frustrated rolling
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Figure 21 shows the free body diagrams of the ‘keystone’ of Figure 20.

Fn

Fn
θ
Mg

Figure 21: Free body diagram of arch formed without friction.
( )

= 2∗

Equation 15

Since we assume the spheres are packed in an equilateral formation, θ = 60°.
=
=

( )

=

Equation 16

√

Equation 17

√

The horizontal component of Fn is
=

∗

(60) =

√

≈ .3

Equation 18

The restorative force, when a compact arch is formed by frustrated rolling, is slightly less than
one third the weight of the particles forming the arch. This restorative force can be achieved by
horizontal bracing, or placing the lowest spheres in dimples on the normal surface.
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Figure 22 depicts another frustrated 2D arch, with less compaction. The edges of the two lower
spheres can be as wide as 2 radiuses (2r) apart- with the keystone getting lower as the support stones
move further apart.
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Figure 22: Less compact frustrated arch, free body diagram
Assuming the center of the left supporting arch is at zero, we assign names and center coordinates
to each 2D sphere.
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P3: (r+ d/2 ,Y3)

P1: (0,0)

P2: (2r+d,0)

d

Figure 23: Less compact frustrated arch, position diagram
If we consider the triangle formed by the centers, we can solve for Y3 (Figure 24).
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P3: (X3,Y3)
2r
P1: (0,0)

P2: (2r+d,0)
r+d/2

d

Figure 24: Less compact frustrated arch, position diagram with triangle
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4

+

+

Equation 19

θ is now
=

Equation 20
Therefore

=

( )

=

=
∗

Equation 21
∗
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( )=

Equation 22
∗

This restorative force is valid for all d < 2r. Clearly, without friction, the arch collapses when d=2r.

